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Dedicated to the memory of Prof. Dr. Walter Greiner, our teacher, mentor, and friend
In this contribution, we present the canonical transformation formalism in the realm of
classical field theory, where spacetime is treated as a dynamical quantity, and apply it
to formulate the gauge theory of gravitation. In this respect, it generalizes the Extended
Hamilton-Lagrange-Jacobi formalism of relativistic point dynamics. Walter was very much
interested in this formalism and therefore added several chapters on the matter to the second
edition of his textbook “Classical Mechanics” [1]. To quote Walter from the Preface to the
Second Edition: “It may come as a surprise that even for the time-honored subject such as
Classical Mechanics in the formulation of Lagrange and Hamilton, new aspects may emerge.”
We are sure, Walter would have loved the following elaboration.
Abstract. We work out the most general theory for the interaction of spacetime geometry
and matter fields—commonly referred to as geometrodynamics—for spin-0 and spin-1
particles. The minimum set of postulates to be introduced is that (i) the action principle should
apply and that (ii) the total action should by form-invariant under the (local) diffeomorphism
group. The second postulate thus implements the Principle of General Relativity. According
to Noether’s theorem, this physical symmetry gives rise to a conserved Noether current, from
which the complete set of theories compatible with both postulates can be deduced. This
finally results in a new generic Einstein-type equation, which can be interpreted as an energy-
momentum balance equation emerging from the Lagrangian LR for the source-free dynamics
of gravitation and the energy-momentum tensor of the source system L0. Provided that the
system has no other symmetries—such as SU(N)—the canonical energy-momentum tensor
turns out to be the correct source term of gravitation. For the case of massive spin particles,
this entails an increased weighting of the kinetic energy over the mass in their roles as the
source of gravity as compared to the metric energy momentum tensor, which constitutes the
source of gravity in Einstein’s General Relativity. We furthermore confirm that a massive
vector field necessarily acts as a source for torsion of spacetime. Thus, from the viewpoint
of our generic Einstein-type equation, Einstein’s General Relativity constitutes the particular
case for spin-0 and massless spin particle fields, and the Hilbert LagrangianLR,H as the model
for the source-free dynamics of gravitation.
PACS numbers: 04.50.Kd, 11.15.-q, 47.10.Df
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1. Introduction
The covariant Hamiltonian formalism in the realm of classical field theories was recently
shown to allow generalized canonical transformations which also include arbitrary chart
transition maps within the underlying spacetime manifold M [2]. With this framework at
hand, it is now possible to isolate the complete set of theories which are based on the
action principle and the Principle of General Relativity, i.e., the condition for a system
to be form-invariant under the diffeomorphism group. This approach naturally leads to a
Palatini formulation, where the metric and the affine connection a priori represent independent
dynamical quantities. Systems complying with these principles are thus required to have the
Diff(M) group as an intrinsic symmetry group. As known from Noether’s theorem, each
symmetry is associated with a pertaining conserved Noether current j
µ
N
. The main favor of
the Noether approach is that the obtained condition for a conserved Noether current directly
leads to the respective field equations, which describe the coupling of metric and connection
to the given source fields of gravitation.
With our Noether approach, it is possible to derive the most general form of an Einstein-
type equation for a given system satisfying the Principle of General Relativity—including
a spacetime with torsion and without the restriction to a covariantly conserved metric. We
thereby isolate the complete set of possible theories of geometrodynamics for scalar and
vector matter and derive a new form of a generic Einstein-type equation.
Similar to all gauge theories, the Noether approach to geometrodynamics provides the
coupling of the fields of the given system to the spacetime geometry, but does not fix the
Hamiltonian Hq resp. the Lagrangian LR describing the dynamics of the “free” (uncoupled)
gravitational field, hence the gravitational field dynamics in classical vacuum. The Hilbert
Lagrangian LR,H—which entails the Einstein tensor of standard General Relativity—is the
simplest example. Based on analogy with other classical field theories, Einstein himself
already proposed a Lagrangian LR quadratic in the Riemann tensor [3], which will be
discussed here as an amendment to the conventional Hilbert Lagrangian LR,H. Remarkably,
the field equation emerging from this Lagrangian is equally satisfied by the Schwarzschild
and even the Kerr metric in the case of classical vacuum [4].
The source term of gravity is shown to be given by the canonical energy-momentum
tensor, provided that the given system has no additional symmetries—such as a SU(N)
symmetry—besides the Diff(M) symmetry. This entails an increased weight of the kinetic
energy over the mass in their roles as sources of gravity. Also, a massive vector field is shown
to necessarily induce a torsion of spacetime—which is in perfect agreement with previous
works of Hehl et al. (see, for instance, [5]).
After reviewing in section 2 the formalism of canonical transformations in the covariant
Hamiltonian description of classical field theories, we proceed in section 3 with the canonical
transformation representation of finite Diff(M) symmetry transformations. We then formulate
in section 4 Noether’s theorem [6] in the realm of covariant Hamiltonian field theory. In order
to work out the conserved Noether current for the Diff(M) symmetry transformation, the finite
transformation is reformulated in section 5 as the pertaining infinitesimal transformation. The
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detailed discussion of the conserved Noether current then follows in section 6. It will be
shown that the zero-energy principle—hence a vanishing energy-momentum tensor of the
total system of source fields and dynamic spacetime—emerges as a direct consequence.
The most general Einstein-type equation of geometrodynamics is presented in section 7.
This equation is shown to be equivalent to the “consistency equation” of Ref. [2] by
means of an identity, which holds for scalar-valued functions of arbitrary tensors and the
metric. This identity also provides the correlation of the metric (Hilbert) and the canonical
energy-momentum tensors of a given Lagrangian system. We discuss in section 8 possible
Lagrangians LR for the dynamics of the free gravitational field and set up a generalized field
equation quadratic and linear in the Riemann tensor. Finally, we discuss the correlation of the
spin part of the energy-momentum tensor of the source system with the torsion of spacetime,
described by the then skew-symmetric part of the Ricci tensor.
2. Canonical transformations under a dynamic spacetime
2.1. Relative tensors and their transformation rules
The extended Hamiltonian formalism of field theory involves the description how dynamical
quantities transform under a chart transition x 7→ X. This requires to generalize the
transformation rules of absolute tensors to those of relative tensors. A relative (n,m) tensor
t
α1...αn
β1...βm
at a point p with coordinates x(p) transforms to the coordinates X(p) in a different
chart according to
T ξ1...ξnη1...ηm (X) = t
α1...αn
β1...βm
(x)
∂Xξ1
∂xα1
. . .
∂Xξn
∂xαn
∂xβ1
∂Xη1
. . .
∂xβm
∂Xηm
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
w
(1)
with
∣∣∣ ∂x
∂X
∣∣∣ the determinant of the Jacobi matrix of the transformation x 7→ X:
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ =
∂
(
x0, . . . , x3
)
∂
(
X0, . . . , X3
) .
t is referred to as a relative tensor and w its weight. From Eq. (1), one concludes directly that
the product of a relative (i, n) tensor t of weight w1 with a relative ( j,m) tensor s of weight w2
yields a relative (i+ j, n+m) tensor t⊗ s of weight w1+w2. For w = 0, this definition includes
the transformation rule for conventional tensors, which are also called absolute tensors if
the distinction is to be stressed. The particular case of a relative tensor of weight w = 1
is also referred to briefly as a tensor density. With scalars denoting the particular class of
(0, 0) tensors, Eq. (1) also defines the transformation rule for relative scalars of weight w.
Accordingly, a scalar of weight w = 1 is called a scalar density. For instance, the determinant
of the contravariant representation of the metric tensor is a relative scalar of weight w = −2:
Gµν(X) = gαβ(x)
∂Xµ
∂xα
∂Xν
∂xβ
⇒ (detGµν)(X) = (det gαβ)(x)
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−2
.
Correspondingly, the covariant metric tensor transforms as
Gµν(X) = gαβ(x)
∂xα
∂Xµ
∂xβ
∂Xν
,
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hence as a relative scalar of weight w = +2:
(detGµν)(X) = (det gαβ)(x)
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
2
.
The square root of the determinant of a (0, 2) tensor then transforms as a scalar density. With
g denoting the determinant of the covariant representation of the metric tensor gµν,
g ≡ det gαβ < 0,
the transformation rule for
√−g(x) 7→ √−G(X) follows as
√
−G = √−g
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ . (2)
√−g thus represents a relative scalar of weight w = 1, i.e. a scalar density.
From the general rule for the derivative of the determinant of a (not necessarily
symmetric) matrix A with respect to a component a jk of A
∂det A
∂a jk
=
(
A−1
)
k j
det A ⇔ ∂det A
∂A
= A−T det A,
the derivatives of
√−g with respect to a component of the covariant and of the contravariant
metric are obtained as
∂
√−g
∂gµν
=
1
2
gνµ
√−g, ∂
√−g
∂gµν
= −1
2
gνµ
√−g. (3)
The volume form d4x transforms as a relative scalar of weight w = −1
d4X =
∂
(
X0, . . . , X3
)
∂
(
x0, . . . , x3
) d4x =
∣∣∣∣∣∂X∂x
∣∣∣∣∣ d4x =
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
d4x. (4)
In conjunction with Eq. (2), one concludes that the product
√−g d4x transforms as a scalar of
weight w = 0, hence as an absolute scalar
√
−G d4X = √−g d4x. (5)
√−g d4x is thus referred to as the invariant volume form.
Another frequently used identity is
∂
∂xα
(
∂xα
∂Xβ
∣∣∣∣∣∂X∂x
∣∣∣∣∣
)
=
∂
∂xα
 ∂x
α
∂Xβ
1∣∣∣ ∂x
∂X
∣∣∣

=
∂2xα
∂Xβ∂Xξ
∂Xξ
∂xα
1∣∣∣ ∂x
∂X
∣∣∣ −
1∣∣∣ ∂x
∂X
∣∣∣2
∂
∣∣∣ ∂x
∂X
∣∣∣
∂Xβ
. (6)
By virtue of the general identity
∂
∣∣∣ ∂x
∂X
∣∣∣
∂
(
∂xα
∂Xξ
) = ∂Xξ
∂xα
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ ,
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the Xβ-derivative of
∣∣∣ ∂x
∂X
∣∣∣ in Eq. (6) is converted into
∂
∣∣∣ ∂x
∂X
∣∣∣
∂Xβ
=
∂
∣∣∣ ∂x
∂X
∣∣∣
∂
(
∂xα
∂Xξ
) ∂
(
∂xα
∂Xξ
)
∂Xβ
=
∂2xα
∂Xβ∂Xξ
∂Xξ
∂xα
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ . (7)
Inserting Eq. (7) into (6) then yields
∂
∂xα
(
∂xα
∂Xβ
∣∣∣∣∣∂X∂x
∣∣∣∣∣
)
≡ 0. (8)
The conventional Lagrangians of field theories represent Lorentz scalars in order to be
relativistically correct, hence to maintain their form under Lorentz transformations. Therefore
they must transform as absolute scalars, L′ = L. According to Eq. (2), this means for the
extended Lagrangians L˜ = L√−g
L˜′ = L′
√
−G = L
√
−G = L√−g
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ = L˜
∂
(
x0, . . . , x3
)
∂
(
X0, . . . , X3
) .
An extended Lagrangian L˜ thus represents a relative scalar of weight w = 1, hence a scalar
density. As a consequence, the action integral maintains its form under a chart transition
x 7→ X ∫
Ω′
L˜′ d4X =
∫
Ω′
L˜
∂
(
x0, . . . , x3
)
∂
(
X0, . . . , X3
) d4X =
∫
Ω
L˜ d4x. (9)
In the Hamiltonian formalism, the dual quantities πµ(x) of the derivatives ∂φ/∂xµ of a set of
scalar fields φ are defined on the basis of a conventional Lagrangian L as
πµ(x) =
∂L
∂
(
∂φ
∂xµ
) .
The corresponding definition in terms of an extended Lagrangian L˜ = L√−g is then
π˜µ(x) = πµ(x)
√−g = ∂L˜
∂
(
∂φ
∂xµ
) , Π˜µ(X) = Πµ(X)√−G = ∂L˜′
∂
(
∂Φ
∂Xµ
) . (10)
Therefore, π˜µ can be regarded as the dual of the derivative ∂φ/∂xµ with regard to the extended
Lagrangian L˜. While πµ transforms as an absolute tensor, the related π˜µ = πµ √−g transforms
as a relative vector of weight w = 1, hence as a vector density. This can be seen as follows:
Π
µ(X) = πα(x)
∂Xµ
∂xα
=
Π˜
µ(X)√
−G
=
π˜α(x)√−g
∂Xµ
∂xα
,
and by virtue of Eq. (2)
Π˜
µ(X) = π˜α(x)
∂Xµ
∂xα
√−G√−g = π˜
α(x)
∂Xµ
∂xα
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ . (11)
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Equation (11) is the general transformation rule for the relative vector π˜µ(x) under a chart
transition. It coincides with the transformation rule for the corresponding absolute tensors,
πµ(x) and Πµ(X), which must equally hold in order to be consistent. Note that according to
Eq. (10), in the extended Hamiltonian formalism it is the vector density π˜µ which represents
the canonical conjugate of φ and the dual of ∂φ/∂xµ. With the transformation rule for scalar
fields, Φ(X) = φ(x), Eq. (11) yields in conjunction with (5)
Π˜
α(X)
∂Φ
∂Xα
d4X = π˜β(x)
∂Φ
∂Xα
∂Xα
∂xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ d4X = π˜α(x) ∂φ∂xα d4x. (12)
Together with Eq. (9), one finds that the weight of the Lagrangian is maintained in Legendre
transformations, and that the extended Hamiltonian H˜ also transforms as a scalar density:
L˜ d4x =
(
π˜α(x)
∂φ
∂xα
− H˜
)
d4x =
(
Π˜
α(X)
∂Φ
∂Xα
− H˜ ′
)
d4X
=
(
Π˜
α(X)
∂Φ
∂Xα
− H˜ ′
) ∣∣∣∣∣∂X∂x
∣∣∣∣∣ d4x.
If one inserts back Eq. (2)
(
π˜α(x)
∂φ
∂xα
− H˜
)
1√−g =
(
Π˜
α(X)
∂Φ
∂Xα
− H˜ ′
)
1√−G
, (13)
then
πα(x)
∂φ
∂xα
−H = Πα(x) ∂Φ
∂xα
−H ′,
hence the conventional action for a static spacetime is recovered for the vectors π,Π and
scalarsH ,H ′.
2.2. Canonical transformation rules for generating functions of type F˜ µ
1
, F˜ µ
2
, and F˜ µ
3
The requirement of form-invariance of the action functional for real scalar and vector fields
under chart transitions xµ 7→ Xµ is
δ
∫
Ω
π˜α ∂φ
∂xα
+ p˜αβ
∂aα
∂xβ
− H˜ − ∂F˜
α
1
∂xα
 d4x != δ
∫
Ω′
(
Π˜
α ∂Φ
∂Xα
+ P˜αβ
∂Aα
∂Xβ
− H˜ ′
)
d4X. (14)
As the action integral is to be varied, Eq. (14) implies that the integrands may differ by the
divergence of a vector function F˜ µ
1
(x) whose variation vanishes on the boundary ∂Ω of the
integration region Ω within spacetime
δ
∫
Ω
∂F˜ α
1
∂xα
d4x = δ
∮
∂Ω
F˜ α1 dS α
!
= 0. (15)
The addition of a term ∂F˜ α
1
/∂xα to the integrand which can be converted into a surface
integral—commonly referred to briefly as a surface term—thus does not modify the variation
of the action integral. This means that the integrand is only determined up to the divergence of
the functions F˜ µ
1
(Φ, φ, A, a, x). With the transformation rule of the volume form from Eq. (4),
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and F˜ µ
1
to be taken at x, the integrand condition obtained from Eq. (14) for an extended
canonical transformation thus writes
π˜β
∂φ
∂xβ
+ p˜αβ
∂aα
∂xβ
− H˜ −
(
Π˜
β ∂Φ
∂Xβ
+ P˜αβ
∂Aα
∂Xβ
− H˜ ′
) ∣∣∣∣∣∂X∂x
∣∣∣∣∣ (16)
=
∂F˜ β
1
∂φ
∂φ
∂xβ
+
∂F˜ α
1
∂Φ
∂Xβ
∂xα
∂Φ
∂Xβ
+
∂F˜ β
1
∂aα
∂aα
∂xβ
+
∂F˜ ξ
1
∂Aα
∂Xβ
∂xξ
∂Aα
∂Xβ
+
∂F˜ α
1
∂xα
∣∣∣∣∣∣∣
expl
.
Comparing the coefficients yields the transformation rules
π˜µ(x) =
∂F˜ µ
1
∂φ
Π˜
µ(X) = −∂F˜
β
1
∂Φ
∂Xµ
∂xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ (17a)
p˜ νµ(x) =
∂F˜ µ
1
∂aν
P˜ νµ(X) = −∂F˜
β
1
∂Aν
∂Xµ
∂xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ (17b)
H˜ ′ =
H˜ + ∂F˜
α
1
∂xα
∣∣∣∣∣∣∣
expl

∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ ⇒ H˜ ′ d4X =
H˜ + ∂F˜
α
1
∂xα
∣∣∣∣∣∣∣
expl
 d4x. (17c)
The generating function F˜ µ
1
(Φ, φ, A, a, x) may be Legendre-transformed into an equivalent
generating function F˜ µ
2
(Π˜, φ, P˜, a, x) according to
F˜ µ
2
= F˜ µ
1
−Φ∂F˜
µ
1
∂Φ
− Aα
∂F˜ µ
1
∂Aα
= F˜ µ
1
+
(
Φ Π˜
β
+ Aα P˜
αβ
) ∂xµ
∂Xβ
∣∣∣∣∣∂X∂x
∣∣∣∣∣ . (18)
In order to derive the divergence of F˜ µ
2
(x), we make use of the identity (8) for the right-hand
side factor. Thus
∂F˜ α
1
∂xα
=
∂F˜ α
2
∂xα
−
∣∣∣∣∣∂X∂x
∣∣∣∣∣ ∂∂Xβ
(
Φ Π˜
β
+ Aα P˜
αβ
)
. (19)
Inserting Eq. (19) into the integrand condition (16), we encounter the modified integrand
condition for a generating function of type F˜ µ
2
, to be taken at the spacetime event p(x)
π˜β
∂φ
∂xβ
+ p˜αβ
∂aα
∂xβ
− H˜ +
(
Φδ
β
ξ
∂Π˜ξ
∂Xβ
+ Aαδ
β
ξ
∂P˜αξ
∂Xβ
+ H˜ ′
) ∣∣∣∣∣∂X∂x
∣∣∣∣∣
=
∂F˜ β
2
∂φ
∂φ
∂xβ
+
∂F˜ β
2
∂aα
∂aα
∂xβ
+
∂F˜ η
2
∂Π˜ξ
∂Xβ
∂xη
∂Π˜ξ
∂Xβ
+
∂F˜ η
2
∂P˜αξ
∂Xβ
∂xη
∂P˜αξ
∂Xβ
+
∂F˜ α
2
∂xα
∣∣∣∣∣∣∣
expl
, (20)
and hence the transformation rules
π˜µ(x) =
∂F˜ µ
2
∂φ
δµνΦ(X) =
∂F˜ η
2
∂Π˜ν
∂Xµ
∂xη
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ (21a)
p˜ νµ(x) =
∂F˜ µ
2
∂aν
δµνAα(X) =
∂F˜ η
2
∂P˜αν
∂Xµ
∂xη
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ (21b)
H˜ ′ =
H˜ + ∂F˜
α
2
∂xα
∣∣∣∣∣∣∣
expl

∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ ⇒ H˜ ′ d4X =
H˜ + ∂F˜
α
2
∂xα
∣∣∣∣∣∣∣
expl
 d4x. (21c)
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In any case, the integrands of the action integrals (14) must be world scalars in order
to keep their form under general spacetime transformations. This finally ensures that the
canonical field equations emerge as tensor equations.‡ Furthermore, the generating function
F˜ µ
1
(Φ, φ, A, a, x) may also be Legendre-transformed into an equivalent generating function of
type F˜ µ
3
(π˜,Φ, p˜, A, x) according to
F˜ µ
3
= F˜ µ
1
− φ∂F˜
µ
1
∂φ
− aα
∂F˜ µ
1
∂aα
= F˜ µ
1
− φ π˜µ − aα p˜αµ, (22)
hence
∂F˜ α
1
∂xα
=
∂F˜ α
3
∂xα
+
∂
∂xβ
(
φ π˜β + aα p˜
αβ
)
. (23)
Inserting Eq. (23) into the integrand condition (16), we encounter the modified integrand
condition for a generating function of type F˜ µ
3
(x), to be taken at the spacetime event x
− φ δβ
ξ
∂π˜ξ
∂xβ
− aαδβξ
∂p˜αξ
∂xβ
− H˜ −
(
Π˜
β ∂Φ
∂Xβ
+ P˜αβ
∂Aα
∂Xβ
− H˜ ′
) ∣∣∣∣∣∂X∂x
∣∣∣∣∣
=
∂F˜ η
3
∂Φ
∂Xβ
∂xη
∂Φ
∂Xβ
+
∂F˜ η
3
∂Aα
∂Xβ
∂xη
∂Aα
∂Xβ
+
∂F˜ β
3
∂π˜ξ
∂π˜ξ
∂xβ
+
∂F˜ β
3
∂p˜αξ
∂p˜αξ
∂xβ
+
∂F˜ α
3
∂xα
∣∣∣∣∣∣∣
expl
, (24)
and hence the transformation rules by comparing the coefficients
Π˜
µ(X) = −∂F˜
η
3
∂Φ
∂Xµ
∂xη
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ δµνφ(x) = −∂F˜
µ
3
∂π˜ν
(25a)
P˜ νµ(X) = −∂F˜
η
3
∂Aν
∂Xµ
∂xη
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ δµνaα(x) = −∂F˜
µ
3
∂p˜αν
(25b)
H˜ ′ =
H˜ + ∂F˜
α
3
∂xα
∣∣∣∣∣∣∣
expl

∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ ⇒ H˜ ′ d4X =
H˜ + ∂F˜
α
3
∂xα
∣∣∣∣∣∣∣
expl
 d4x. (25c)
3. Finite Diff(M) symmetry transformation
For a system of a scalar field φ and a vector field aµ, the generating function of type F˜ µ3 for
the canonical transformation of the chart diffeomorphisms that build the Diff(M) symmetry
group is
F˜ µ
3
∣∣∣
x
= −π˜µΦ − p˜αµ Aβ
∂Xβ
∂xα
− k˜αβµGξλ
∂Xξ
∂xα
∂Xλ
∂xβ
− q˜ αβµη
(
Γ
τ
ξλ
∂xη
∂Xτ
∂Xξ
∂xα
∂Xλ
∂xβ
+
∂xη
∂Xτ
∂2Xτ
∂xα∂xβ
)
.
(26)
‡ We remark that the extended generating function (18) reduces to a conventional one [7] — which does not
define a mapping of the spacetime x 7→ X — if Eq. (2) is inserted and all fields are taken at x:
F
µ
2
= F
µ
1
+ ΦΠ
µ
+ Aα P
αµ.
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We remind that a tilde denotes that the respective quantity represents a tensor density, i.e., a
relative tensor of weightw = 1. Notice that the transformedmetric tensorGξλ(X) is symmetric,
which induces the tensor k˜αβµ to be symmetric in its first index pair, α, β. The general rules
for extended generating functions of type F˜ µ
3
from Eqs. (25) yield similar ones for the real
tensors k˜, G, q˜, and for the connection Γ:
δµν gαβ = −
∂F˜ µ
3
∂k˜αβν
, δµν γ
η
αβ
= − ∂F˜
µ
3
∂q˜
αβν
η
,
K˜ξλµ = − ∂F˜
κ
3
∂Gξλ
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ , Q˜ ξλµτ = − ∂F˜
κ
3
∂Γτ
ξλ
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ , (27)
with the specific generating function (26) yielding the following particular transformation
rules for involved “matter fields” and their conjugates
φ(x) = Φ(X), aα(x) = Aβ(X)
∂Xβ
∂xα
,
Π˜
µ(X) = π˜κ(x)
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ , P˜νµ(X) = p˜ακ(x)∂X
ν
∂xα
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ , (28)
and the “metric and connection fields” and their conjugates
gαβ(x) = Gξλ(X)
∂Xξ
∂xα
∂Xλ
∂xβ
, γ
η
αβ
(x) = Γτξλ(X)
∂xη
∂Xτ
∂Xξ
∂xα
∂Xλ
∂xβ
+
∂xη
∂Xτ
∂2Xτ
∂xα∂xβ
, (29)
K˜ξλµ(X) = k˜αβκ(x)
∂Xξ
∂xα
∂Xλ
∂xβ
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ , Q˜ ξλµτ (X) = q˜ αβκη (x) ∂x
η
∂Xτ
∂Xξ
∂xα
∂Xλ
∂xβ
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ .
Note that the connection field γ
η
αβ
(x) is not assumed to be symmetric in α and β. In addition,
the transformation rule for the covariant Hamiltonian follows as:
H˜ ′
∣∣∣∣
X
=
H˜
∣∣∣∣
x
+
∂F˜ α
3
∂xα
∣∣∣∣∣∣∣
expl

∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ . (30)
Thus, the transformation following from the generating function (26) defines a symmetry
transformation, in the sense that any action integral in one chart of the manifold M is mapped
to an action integral of the same form in another chart. In other words, the Principle of General
Relativity is implemented here via the generating function F˜ µ
3
.
4. Generalized Noether Theorem
In this section, we modify the generating function F˜ µ
3
from Eq. (26) to define the equivalent
infinitesimal canonical transformation. Specifically, for a sample system of a scalar field φ
and a vector field aµ, the infinitesimal transformation rules are derived from the generating
function
F˜ µ
3
∣∣∣
x
= −π˜ µΦ(x) − p˜αµ Aα(x) − k˜ξλµGξλ(x) − q˜ αβµη Γηαβ(x) − ǫ j˜ µN(x). (31)
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For ǫ = 0, Eq. (31) thus generates the identity transformation for all dynamical quantities
involved. All contributions of the general transformation rules (25), (27), and (30) that are
associated with a non-identical mapping of fields and spacetime must be encoded in the
particular expression for j˜
µ
N
(x). The transformation rules (25) and (27) now read:
δµνδφ = −ǫ
∂ j˜
µ
N
∂π˜ν
, δπ˜µ = ǫ
∂ j˜
µ
N
∂φ
, δµνδaα = −ǫ
∂ j˜
µ
N
∂p˜αν
, δp˜αµ = ǫ
∂ j˜
µ
N
∂aα
δµνδgλξ = −ǫ
∂ j˜
µ
N
∂k˜λξν
, δk˜λξµ = ǫ
∂ j˜
µ
N
∂gλξ
, δµνδγ
η
αβ
= −ǫ ∂ j˜
µ
N
∂q˜
αβν
η
, δq˜ αβµη = ǫ
∂ j˜
µ
N
∂γ
η
αβ
(32a)
and
δH˜
∣∣∣
CT
= −ǫ ∂ j˜
α
N
∂xα
∣∣∣∣∣∣
expl
. (32b)
On the other hand, for a closed system, where the Hamiltonian does not explicitly depend on
x, the variation of the Hamiltonian emerging from the variation of the fields follows as
δH˜ = ∂H˜
∂φ
δφ+
∂H˜
∂π˜α
δπ˜α+
∂H˜
∂aα
δaα+
∂H˜
∂p˜αβ
δp˜αβ+
∂H˜
∂gλξ
δgλξ+
∂H˜
∂k˜λξβ
δk˜λξβ+
∂H˜
∂γ
η
λξ
δγ
η
λξ
+
∂H˜
∂q˜
λξβ
η
δq˜ λξβη .
Inserting the covariant canonical field equations [8],
−∂π˜
β
∂xβ
=
∂H˜
∂φ
∂φ
∂xα
=
∂H˜
∂π˜α
−∂p˜
αβ
∂xβ
=
∂H˜
∂aα
∂aα
∂xβ
=
∂H˜
∂p˜αβ
(33a)
−∂k˜
λξβ
∂xβ
=
∂H˜
∂gλξ
∂gλξ
∂xβ
=
∂H˜
∂k˜λξβ
−∂q˜
λξβ
η
∂xβ
=
∂H˜
∂γ
η
λξ
∂γ
η
λξ
∂xβ
=
∂H˜
∂q˜
λξβ
η
, (33b)
the variation of H˜ is expressed along the system’s spacetime evolution
δH˜ = −∂π˜
β
∂xα
δαβ δφ +
∂φ
∂xα
δπ˜α − ∂p˜
αβ
∂xξ
δ
ξ
β
δaα +
∂aα
∂xβ
δp˜αβ
− ∂k˜
λξβ
∂xα
δαβ δgλξ +
∂gλξ
∂xβ
δk˜λξβ − ∂q˜
λξβ
η
∂xα
δαβ δγ
η
λξ
+
∂γ
η
λξ
∂xβ
δq˜ λξβη .
With the transformation rules (32), this writes in terms of the derivatives of the Noether current
δH˜ = ǫ ∂π˜
β
∂xα
∂ j˜α
N
∂π˜β
+ ǫ
∂φ
∂xα
∂ j˜α
N
∂φ
+ ǫ
∂p˜αβ
∂xξ
∂ j˜
ξ
N
∂p˜αβ
+ ǫ
∂aα
∂xβ
∂ j˜
β
N
∂aα
+ ǫ
∂k˜λξβ
∂xα
∂ j˜α
N
∂k˜λξβ
+ ǫ
∂gλξ
∂xβ
∂ j˜
β
N
∂gλξ
+ ǫ
∂q˜
λξβ
η
∂xα
∂ j˜α
N
∂q˜
λξβ
η
+ ǫ
∂γ
η
λξ
∂xβ
∂ j˜
β
N
∂γ
η
λξ
= ǫ
∂ j˜α
N
∂xα
− ǫ ∂ j˜
α
N
∂xα
∣∣∣∣∣∣
expl
= ǫ
∂ j˜α
N
∂xα
+ δH˜
∣∣∣
CT
.
Both variations, δH˜ and δH˜
∣∣∣
CT
, must coincide in order for the canonical transformation to
define a symmetry transformation. Then, the vector j˜α
N
in the generating function (31) defines
the conserved Noether current
δH˜ = δH˜
∣∣∣
CT
⇔ ∂ j˜
α
N
∂xα
= 0. (34)
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5. Infinitesimal Diff(M) symmetry transformation
In order to work out the particular form of the conserved Noether current j˜
µ
N
which is
associated with infinitesimal chart transitions, the generating function for the corresponding
infinitesimal canonical transformation needs to be set up first. To this end, a local parameter
vector hµ(x) is introduced, which defines the infinitesimal local diffeomorphism xµ 7→ Xµ
between two charts of a manifold M
Xµ = xµ + ǫ hµ(x), Lh = h
α(x)
∂
∂xα
, (35)
with ǫ ≪ 1 and Lie group generators Lh, which represents a vector field on the manifold. To
first order in ǫ, the spacetime dependent coefficients of (26) are then expressed according to
∂Xµ
∂xν
= δµν + ǫ
∂hµ
∂xν
,
∂xµ
∂Xν
= δµν − ǫ
∂hµ
∂xν
,
∂2Xτ
∂xα∂xβ
= ǫ
∂2hτ
∂xα∂xβ
,
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ = 1 − ǫ ∂h
τ
∂xτ
.
Accordingly, the finite transformation rules (28) and (29) of the fields can be expressed up to
first order in ǫ as
δφ(x) = Φ(x) − φ(x) = −ǫhβ ∂φ
∂xβ
= −ǫLhφ(x) (36a)
δaα(x) = Aα(x) − aα(x) = −ǫ
(
hβ
∂aα
∂xβ
+ aβ
∂hβ
∂xα
)
= −ǫLhaα(x) (36b)
δgξλ(x) = Gξλ(x) − gξλ(x) = −ǫ
(
hβ
∂gξλ
∂xβ
+ gβλ
∂hβ
∂xξ
+ gξβ
∂hβ
∂xλ
)
= −ǫLhgξλ(x) (36c)
δγ
η
λτ
(x) = Γ
η
λτ
(x) − γη
λτ
(x) = −ǫ
(
hβ
∂γ
η
λτ
∂xβ
− γβ
λτ
∂hη
∂xβ
+ γ
η
βτ
∂hβ
∂xλ
+ γ
η
λβ
∂hβ
∂xτ
+
∂2hη
∂xλ∂xτ
)
= −ǫLhγηλτ(x). (36d)
The differences of the scalar, vector, and tensor fields are actually proportional to Lie
derivatives along the vector field hβ(x), denoted by Lh. The difference of the non-
tensorial connection field γ
η
λτ
(x) is equally proportional to its Lie derivative by virtue of its
transformation property (29) (see Schouten [9], Eq. (II 10.34)).
The corresponding differences for the conjugate momenta are
δπ˜µ(x) = Π˜µ(x) − π˜µ(x) = ǫ
[
−hβ∂π˜
µ
∂xβ
+ π˜β
(
∂hµ
∂xβ
− δµ
β
∂hτ
∂xτ
)]
(37a)
δp˜αµ(x) = P˜αµ(x) − p˜αµ(x) = ǫ
[
−hβ∂p˜
αµ
∂xβ
+ p˜βµ
∂hα
∂xβ
+ p˜αβ
(
∂hµ
∂xβ
− δµ
β
∂hτ
∂xτ
)]
(37b)
δk˜λτµ(x) = K˜λτµ(x) − k˜λτµ(x) = ǫ
[
−hβ∂k˜
λτµ
∂xβ
+ k˜βτµ
∂hλ
∂xβ
+ k˜λβµ
∂hτ
∂xβ
+ k˜λτβ
(
∂hµ
∂xβ
− δµ
β
∂hτ
∂xτ
)]
(37c)
δq˜ λτµη (x) = Q˜
λτµ
η (x) − q˜ λτµη (x) = ǫ
−hβ∂q˜
λτµ
η
∂xβ
− q˜ λτµ
β
∂hβ
∂xη
+ q˜ βτµη
∂hλ
∂xβ
+ q˜ λβµη
∂hτ
∂xβ
+ q˜ λτβη
(
∂hµ
∂xβ
− δµ
β
∂hτ
∂xτ
)]
. (37d)
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As a particular feature of the covariant Hamiltonian formalism of field theories, merely
the divergences of momentum fields are determined by the system’s Hamiltonian and not
the individual components of the respective canonical momentum tensor. The canonical
momentum tensors are thus determined only up to additional divergence-free tensors. The
transformation rule for the divergence of the momenta is set up on the basis of Eqs. (37)
∂(δπ˜µ(x))
∂xµ
=
∂Π˜µ
∂xµ
− ∂π˜
µ
∂xµ
= ǫ
[
✟✟
✟✟
✟
−∂h
β
∂xµ
∂π˜µ
∂xβ
− hβ ∂
2π˜µ
∂xβ∂xµ
+
∂π˜β
∂xµ
(
✓
✓
✓∂hµ
∂xβ
− δµ
β
∂hτ
∂xτ
)]
= −ǫ
(
hµ
∂2π˜β
∂xµ∂xβ
+
∂hµ
∂xµ
∂π˜β
∂xβ
)
= −ǫ ∂
∂xµ
(
hµ
∂π˜β
∂xβ
)
.
The transformation rule for the momenta π˜µ from Eq. (37a) can thus be expressed as
δπ˜µ = Π˜µ − π˜µ = −ǫhµ∂π˜
β
∂xβ
= ǫhµ
∂H˜
∂φ
, (38)
which amounts to replacing the initial momentum tensor π˜µ by an equivalent tensor with the
same divergence. Similarly, the divergences of the momenta p˜αµ transform as
∂P˜αµ
∂xµ
− ∂p˜
αµ
∂xµ
= ǫ
[
✟✟
✟✟
✟✟
−∂h
β
∂xµ
∂p˜αµ
∂xβ
− hβ ∂
2 p˜αµ
∂xβ∂xµ
+
∂p˜βµ
∂xµ
∂hα
∂xβ
+ p˜βµ
∂2hα
∂xβ∂xµ
+
∂p˜αβ
∂xµ
(
✓
✓
✓∂hµ
∂xβ
− δµ
β
∂hτ
∂xτ
)]
= −ǫ
(
hµ
∂2 p˜αβ
∂xµ∂xβ
− ∂p˜
βµ
∂xµ
∂hα
∂xβ
− p˜βµ ∂
2hα
∂xβ∂xµ
+
∂p˜αβ
∂xβ
∂hµ
∂xµ
)
= −ǫ ∂
∂xµ
(
hµ
∂p˜αβ
∂xβ
− p˜βµ∂h
α
∂xβ
)
.
The transformation rule for the momenta p˜αµ from Eq. (37b) can thus equivalently be
expressed as
δp˜αµ = P˜αµ − p˜αµ = −ǫ
(
hµ
∂p˜αβ
∂xβ
− p˜βµ∂h
α
∂xβ
)
= ǫ
(
hµ
∂H˜
∂aα
+ p˜βµ
∂hα
∂xβ
)
. (39)
The corresponding modified transformation rules apply for the momenta k˜λξµ and q˜
λτµ
η :
δk˜λξµ = K˜λξµ − k˜λξµ = ǫ
(
hµ
∂H˜
∂gλξ
+ k˜βξµ
∂hλ
∂xβ
+ k˜λβµ
∂hξ
∂xβ
)
δq˜ λτµη = Q˜
λτµ
η − q˜ λτµη = ǫ
(
hµ
∂H˜
∂γ
η
λτ
− q˜ λτµ
β
∂hβ
∂xη
+ q˜ βτµη
∂hλ
∂xβ
+ q˜ λβµη
∂hτ
∂xβ
)
.
Summarizing, the canonical transformation rules (32) for an infinitesimal local transla-
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tion (35) are
−1
ǫ
δµν δφ =
∂ j˜
µ
N
∂π˜ν
!
= δµνh
β ∂φ
∂xβ
, (40a)
1
ǫ
δπ˜µ =
∂ j˜
µ
N
∂φ
!
= hµ
∂H˜
∂φ
, (40b)
−1
ǫ
δµν δaα =
∂ j˜
µ
N
∂p˜αν
!
= δµν
(
hβ
∂aα
∂xβ
+ aβ
∂hβ
∂xα
)
, (40c)
1
ǫ
δp˜αµ =
∂ j˜
µ
N
∂aα
!
= hµ
∂H˜
∂aα
+ p˜βµ
∂hα
∂xβ
, (40d)
−1
ǫ
δµν δgξλ(x) =
∂ j˜
µ
N
∂k˜λξν
!
= δµν
(
hβ
∂gξλ
∂xβ
+ gβλ
∂hβ
∂xξ
+ gξβ
∂hβ
∂xλ
)
, (40e)
1
ǫ
δk˜λξµ =
∂ j˜
µ
N
∂gλξ
!
= hµ
∂H˜
∂gλξ
+ k˜βξµ
∂hλ
∂xβ
+ k˜λβµ
∂hξ
∂xβ
, (40f)
and
−1
ǫ
δµν δγ
η
λτ
(x) =
∂ j˜
µ
N
∂q˜ λτνη
!
= δµν
(
hβ
∂γ
η
λτ
∂xβ
− γβ
λτ
∂hη
∂xβ
+ γ
η
βτ
∂hβ
∂xλ
+ γ
η
λβ
∂hβ
∂xτ
+
∂2hη
∂xλ∂xτ
)
, (40g)
1
ǫ
δq˜ λτµη =
∂ j˜
µ
N
∂γ
η
λτ
!
= hµ
∂H˜
∂γ
η
λτ
− q˜ λτµ
β
∂hβ
∂xη
+ q˜ βτµη
∂hλ
∂xβ
+ q˜ λβµη
∂hτ
∂xβ
. (40h)
The conserved Noether current j˜
µ
N
, which defines the particular infinitesimal symmetry
transformation rules (40), follows as
j˜
µ
N
= h βB˜
µ
β
+
∂h β
∂xα
C˜
αµ
β
+
∂2h β
∂xα∂xη
q˜
αηµ
β
, (41)
wherein B˜
µ
β
is defined by
B˜
µ
β
= π˜µ
∂φ
∂xβ
+ p˜αµ
∂aα
∂xβ
+ k˜αλµ
∂gαλ
∂xβ
+ q˜ αλµη
∂γ
η
αλ
∂xβ
− δµ
β
(
π˜τ
∂φ
∂xτ
+ p˜ατ
∂aα
∂xτ
+ k˜αλτ
∂gαλ
∂xτ
+ q˜ αλτη
∂γ
η
αλ
∂xτ
− H˜
)
(42a)
and C˜
αµ
β
given by
C˜
αµ
β
= p˜αµ aβ + k˜
λαµgβλ + k˜
αλµgλβ + q˜
λαµ
η γ
η
λβ
+ q˜ αλµη γ
η
βλ
− q˜ ηλµ
β
γαηλ. (42b)
B˜
µ
β
is actually the local Hamiltonian representation of the canonical energy-momentum
tensor of the total dynamical system consisting of scalar and vector fields in conjunction
with a dynamic metric and connection. As will be derived in the following section, the
terms emerging from C˜
αµ
β
in the condition for the conserved Noether current convert the
partial derivatives in B˜
µ
β
into covariant derivatives—and hence into the global Hamiltonian
representation of the canonical energy-momentum tensor of the total system. For the
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particular case hµ = const., hence for a pure translation of the given system along the
coordinate xµ, the canonical energy-momentum tensor B
µ
β
is well-known to represent a
conserved Noether current, hence ∂B
β
α /∂x
β
= 0. The Noether current (41) thus generalizes
this case to a dynamic spacetime geometry, with h µ = h µ(x) now a differentiable vector
function of spacetime.
6. Discussion of the conserved Noether current
For the particular case hβ = const., the canonical energy-momentum tensor directly provides
a conserved Noether current if the given system is invariant under global translations in
spacetime. For the general case, the divergence of the Noether current (41) is obtained as
∂ j˜
µ
N
∂xµ
= hβ
∂B˜
µ
β
∂xµ
+
∂hβ
∂xα
B˜ αβ + ∂C˜
αµ
β
∂xµ
 + ∂
2hβ
∂xα∂xη
C˜ αηβ + ∂q˜
αηµ
β
∂xµ
 + ∂
3hβ
∂xα∂xη∂xµ
q˜
αηµ
β
!
= 0.
(43)
With this equation involving a vanishing partial derivative of the Noether current j˜N, it
establishes a proper (local) conservation law. Yet, the field equations emerging from Eq. (43)
will turn out to be tensor equations and thus hold invariantly in any reference frame. As hβ(x)
is supposed to be an arbitrary function of x, Eq. (43) entails four separate conditions for each
order of derivatives of hβ(x). These will be worked out in the following sections.
6.1. Condition 1: term proportional to the third partial derivatives of hβ
The term proportional to the third derivative of hβ is the canonical momentum q˜
αηµ
β
alone,
hence the dual of the partial xµ-derivative of the connection γ
β
αη. A necessary and sufficient
condition for this term to vanish is that the (generally non-zero) momentum q˜
αηµ
β
is skew-
symmetric in one of the index pairs formed out of α, η, and µ. We choose here the last index
pair, namely η and µ, and define
q˜
αηµ
β
= −q˜ αµη
β
(44)
which implies that q˜
αηµ
β
need not in addition be skew-symmetric in α and η. Equation (43)
then simplifies to
∂ j˜
µ
N
∂xµ
= h β
∂B˜
µ
β
∂xµ
+
∂h β
∂xα
B˜ αβ + ∂C˜
αµ
β
∂xµ
 + ∂
2hβ
∂xα∂xη
C˜ αηβ + ∂q˜
αηµ
β
∂xµ
 != 0. (45)
6.2. Condition 2: terms proportional to the second partial derivatives of hβ
A zero divergence of the Noether current for any symmetry transformation (35)—hence for
arbitrary functions hβ(x)—requires in particular that the sum of terms related to the second
derivatives of hβ(x) in Eq. (45) vanishes. This means with C˜
αη
β
from Eq. (42b) inserted into
the last term of Eq. (45):
∂2h β
∂xα∂xη
∂q˜
αηµ
β
∂xµ
+ p˜αη aβ + k˜
λαηgβλ + k˜
αληgλβ +✘✘✘
✘✘q˜ λαητ γ
τ
λβ + q˜
αλη
τ γ
τ
βλ − q˜ τληβ γατλ
 != 0.
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Due to the symmetry of the second partial derivatives of h β in α and η, the term q˜
λαη
τ γ
τ
λβ
drops out by virtue of the skew-symmetry condition (44). As no symmetries in α and η are
implied in the remaining terms, one encounters the condition
∂q˜
αηµ
β
∂xµ
+ p˜αη aβ + k˜
λαηgβλ + k˜
αληgλβ − q˜ αηλξ γξβλ − q˜ ξληβ γαξλ = 0. (46)
We can express Eq. (46) equivalently as the tensor equation
q˜
αηµ
β ;µ
+ p˜αη aβ + k˜
λαηgβλ + k˜
αληgλβ − q˜ ατµβ sητµ − 2q˜ αηµβ sξµξ = 0, (47)
with s
η
τµ ≡ γη[τµ] the Cartan torsion tensor. It agrees with the corresponding field equation (56)
of Ref. [2]. Its implications will be discussed in Sects. 7.2 and 7.4.
With Eq. (46), the condition (45) for the divergence of the Noether current now further
simplifies to
∂ j˜
µ
N
∂xµ
= h β
∂B˜
µ
β
∂xµ
+
∂h β
∂xα
B˜ αβ + ∂C˜
αµ
β
∂xµ
 != 0. (48)
6.3. Condition 3: terms proportional to the first partial derivatives of h β
For a generally conserved Noether current, the coefficient proportional to the first derivative
of h β in Eq. (48) must vanish as well, hence
B˜ αβ +
∂C˜
αµ
β
∂xµ
!
= 0. (49)
Equation (49) writes in expanded form with C˜
αµ
β
from Eq. (42b)
B˜ αβ +
∂
∂xµ
(
p˜αµ aβ + k˜
λαµgβλ + k˜
αλµgλβ + q˜
λαµ
η γ
η
λβ
+ q˜ αλµη γ
η
βλ
− q˜ ηλµ
β
γαηλ
)
= 0,
which is expressed equivalently inserting Eq. (46)
B˜ αβ +
∂
∂xµ
∂q˜
αµη
β
∂xη
+ q˜ λαµη γ
η
λβ
 = 0.
This equation reduces due to the skew-symmetry of q˜
αµη
β
in its last index pair to
B˜ αβ +
∂
∂xµ
(
q˜ λαµη γ
η
λβ
)
= 0. (50)
As B˜ α
β
—defined by Eq. (42a)—is the local representation of the canonical energy-momentum
tensor of the total system of source fields and dynamic spacetime, Eq. (50) establishes a
correlation of this (pseudo-)tensor with the dynamic spacetime. The explicit form of this
equation will be discussed in Sect. 6.5.
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6.4. Condition 4: term proportional to hβ
Finally, the term proportional to h β in Eq. (48) must separately vanish
∂B˜
µ
β
∂xµ
= 0. (51)
Equation (51) thus establishes a local energy and momentum conservation law of the total
system of scalar and vector source fields fields on the one hand, and the dynamic spacetime,
described by the metric and the connection on the other hand. It turns out to coincide with the
divergence of Eq. (50) by virtue of the skew-symmetry of q˜
λαµ
η in its last index pair
0 =
∂
∂xµ
B˜ µβ + ∂q˜
λµα
η
∂xα
γ
η
λβ
+ q˜ λµαη
∂γ
η
λβ
∂xα

=
∂B˜
µ
β
∂xµ
+
∂2q˜
λµα
η
∂xµ∂xα
γ
η
λβ
+
∂q˜
λµα
η
∂xα
∂γ
η
λβ
∂xµ
+
∂q˜
λµα
η
∂xµ
∂γ
η
λβ
∂xα
+ q˜ λµαη
∂2γ
η
λβ
∂xµ∂xα
=
∂B˜
µ
β
∂xµ
.
Equation (51) is thus equivalent to a vanishing divergence of Eq. (50) as the divergence of its
last term vanishes identically. From Eqs. (51) and (49), one concludes that
0 =
∂B˜ α
β
∂xα
= −
∂2C˜
αµ
β
∂xα∂xµ
= − ∂
2
∂xα∂xµ
C˜ αµβ +
∂q˜
αµλ
β
∂xλ
 ,
which is indeed satisfied owing to Eq. (46). This demonstrates the consistency of the set of
equations (44), (46), (50), and (51), which were obtained from the Noether condition (43).
6.5. Amended canonical energy-momentum tensor θ˜
µ
t,ν
We now express Eq. (50) in expanded form by inserting the local representation of the
canonical energy-momentum tensor B˜ α
β
from Eq. (42a) and the field equation for the partial
divergence of q˜
λαµ
η from Eq. (46):
θ˜ αt,β ≡ π˜α
∂φ
∂xβ
+ p˜ ξα
∂aξ
∂xβ
− p˜ξαaηγηξβ + k˜ξλα
∂gξλ
∂xβ
− k˜λξαgηλγηξβ − k˜ξλαgληγηξβ
+ q˜ ξλαη
∂γ
η
ξλ
∂xβ
−
∂γ
η
ξβ
∂xλ
+ γ
η
τβ
γτξλ − γητλγτξβ

− δαβ
π˜τ ∂φ∂xτ + p˜ ξτ
∂aξ
∂xτ
+ k˜ξλτ
∂gξλ
∂xτ
+ q˜ ξλτη
∂γ
η
ξλ
∂xτ
− H˜
 = 0. (52)
The term proportional to q˜
ξλα
η is exactly the Riemann tensor, defined in the convention of
Misner et al. [10] by
R
η
ξβλ
=
∂γ
η
ξλ
∂xβ
−
∂γ
η
ξβ
∂xλ
+ γ
η
τβ
γτξλ − γητλγτξβ. (53)
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We remark that the tensor (53) is actually the Riemann-Cartan tensor, as it is defined here
from a non-symmetric connection, γ
η
[ξλ]
. 0. Equation (52) now writes equivalently after
merging the partial derivatives with the γ-dependent terms into covariant derivatives:
θ˜ αt,β ≡ π˜α
∂φ
∂xβ
+ p˜ ξα aξ;β + k˜
ξλα gξλ;β − q˜ ξλαη Rηξλβ
− δαβ
π˜τ ∂φ∂xτ + p˜ ξτ
∂aξ
∂xτ
+ k˜ξλτ
∂gξλ
∂xτ
+ q˜ ξλτη
∂γ
η
ξλ
∂xτ
− H˜
 = 0. (54)
Remarkably, the value of this tensor always equals zero—a result also found by Jordan [11]
and, independently in each case, by Sciama [12], Feynman [13, p. 10], and Hawking [14],
based on different physical reasoning. A vanishing total energy-momentum tensor of
the universe is commonly referred to as the zero-energy principle. As we see now, the
zero-energy principle follows directly from the requirement that the action principle (14)
be diffeomorphism invariant, which has the physical content that reference frames are
independent. In other words, the laws of physics should take the same form in all reference
frames—which is exactly the gist of the General Principle of Relativity.
The remaining partial derivatives can similarly be rewritten as tensors if we subtract the
corresponding “gauge Hamiltonian” terms from the total Hamiltonian H˜(π˜, φ, p˜, a, k˜, g, q˜, γ):
H˜ − H˜G = H˜t, (55)
with H˜G(p˜, a, k˜, g, q˜, γ) given by
H˜G = p˜ ξτaηγηξτ + k˜ξλτ gηξγηλτ + k˜λξτ gξηγηλτ + q˜ ξλτη γηαλγαξτ, (56)
which agrees with the gauge Hamiltonian derived in Eq. (32) of Ref. [2]. The partial
derivatives of the fields in Eq. (54) are thus converted into covariant derivatives, whereas
the partial derivative of the connection reemerges as one-half the Riemann tensor:
θ˜
µ
t,ν ≡ π˜ µ
∂φ
∂xν
+ p˜αµaα;ν + k˜
αβµgαβ;ν − q˜ αβµη Rηαβν
− δµν
(
π˜τ
∂φ
∂xτ
+ p˜ατaα;τ + k˜
αβτgαβ;τ − 12 q˜ αβτη R
η
αβτ
− H˜t
)
= 0. (57)
θ˜
µ
t,ν obviously represents the canonical energy-momentum tensor of the total system of
dynamical fields and spacetime. The non-existing covariant xτ-derivative of the connection
γ
η
αβ
is replaced by −1
2
the Riemann tensor R
η
αβτ
. Of course, the system Hamiltonian H˜t
describing the dynamics of the given scalar and vector fields must be generally covariant.
The sum in parentheses of Eq. (54) represents the Lagrangian L˜ of the total dynamical
system established by the scalar field, the vector field, the metric, and the connection. This
Lagrangian must be a world scalar density in order for Eq. (54) to be a tensor equation,
hence to be form-invariant under the Diff(M) symmetry group. The Lagrangian L˜ is thus
equivalently expressed as
L˜ = π˜τ ∂φ
∂xτ
+ p˜ατaα;τ + k˜
αβτgαβ;τ − 12 q˜ αβτη R
η
αβτ
− H˜t. (58)
The field equations (47) and (57) will be rewritten in the following on the basis of this
Lagrangian.
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7. Discussion of the field equations in the Lagrangian description
7.1. Lagrangian representation of the Noether condition (57)
The canonical momenta are obtained from the Lagrangian (58) as
π˜ µ =
∂L˜
∂
(
∂φ
∂xµ
) , p˜αµ = ∂L˜
∂aα;µ
(59a)
k˜αβµ =
∂L˜
∂gαβ;µ
, −1
2
q˜ αβµη =
∂L˜
∂R
η
αβµ
. (59b)
The Noether condition (57)—hence the assertion of a vanishing canonical energy-momentum
tensor θ˜
µ
t,ν = 0 of the total system of dynamical fields and spacetime described by L˜—is now
encountered in the equivalent form:
θ˜
µ
t,ν ≡
∂L˜
∂
(
∂φ
∂xµ
) ∂φ
∂xν
+
∂L˜
∂aα;µ
aα;ν +
∂L˜
∂gαβ;µ
gαβ;ν + 2
∂L˜
∂R
η
αβµ
R
η
αβν
− δµν L˜ = 0. (60)
We may now split the Lagrangian L˜ of the total system into a Lagrangian L˜0 for the dynamics
of the base fields φ and aµ, a Lagrangian L˜g for the dynamics of the metric gµν, and a
Lagrangian L˜R for the dynamics of the free gravitational field Rηαβν according to
L˜ = L˜0 + L˜R + L˜g, L˜0 = L˜0
(
φ, ∂φ, a, ∂a, g, γ
)
, L˜g = L˜g
(
g, ∂g, γ
)
, L˜R = L˜R
(
γ, ∂γ, g
)
,
where each Lagrangian represents separately a world scalar density. As no derivative with
respect to the metric appears in Eq. (60), we are allowed to divide all terms by
√−g, whereby
the field equation acquires the form of the generic Einstein-type equation:
2
∂LR
∂R
η
αβµ
R
η
αβν
+
∂Lg
∂g
αβ;µ
gαβ;ν − δµν
(
LR +Lg
)
= − ∂L0
∂
(
∂φ
∂xµ
) ∂φ
∂xν
− ∂L0
∂aα;µ
aα;ν + δ
µ
νL0. (61)
The left-hand side of Eq. (61) can be regarded as the canonical energy-momentum tensor
pertaining to LR + Lg. With the right-hand side the negative canonical energy-momentum
tensor of the system L0,
θ µν =
∂L0
∂
(
∂φ
∂xµ
) ∂φ
∂xν
+
∂L0
∂aα;µ
aα;ν − δµνL0, (62)
Eq. (61) thus establishes an energy-momentum balance relation, with the coupling of
spacetime and source fields induced by both the metric gαβ and the connection γ
α
ξτ
. As stated
above, the energy-momentum tensor of the total system L = L0 +LR +Lg is equal to zero.
For the particular case of a covariantly conserved metric, gαβ;ν ≡ 0, the respective terms
drop out in Eq. (61). This yields the generic Einstein-type equation for the case of metric
compatibility:
2
∂LR
∂R
η
αβµ
R
η
αβν
− δµν LR = −θ µν . (63)
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It applies for all Lagrangians LR which (i) describe the observed dynamics of the “free”
(uncoupled) gravitational field and (ii) entail a consistent field equation with regard to its
trace, its symmetries, and its covariant derivatives. For the particular case of the Hilbert
Lagrangian LR = LR,H = R/8πG and θνµ the canonical energy-momentum tensor of the
Klein-Gordon system—which is symmetric and coincides with the metric one—then Eq. (63)
yields the Einstein equation proper, in conjunction with a vanishing source term for the torsion
of spacetime.
In general, the covariant and contravariant representations of Eq. (63) are not necessarily
symmetric in ν and µ and thus include a possible spin of the source field and the then emerging
torsion of spacetime. We thus obtain the following relation of spin and torsion:
∂LR
∂R
η
αβν
R
η µ
αβ
− ∂LR
∂R
η
αβµ
R
η ν
αβ
= θ[νµ]. (64)
For the Hilbert Lagrangian—and even for Lagrangians with additional quadratic terms in
R
η µ
αβ
— the left-hand side of this equation simplifies to the skew-symmetric part of the Ricci
tensor
R[νµ] = 8πG θ[νµ].
We will discuss these issues in detail in Sect. 8.
7.2. Second Noether condition
The xη-derivative of Eq. (46) is the second partial derivative term of q˜
αηµ
β
and vanishes
identically by virtue of Eq. (44):
∂2q˜
αηµ
β
∂xη∂xµ
≡ 0 ⇒ ∂
∂xη
(
p˜αη aβ + k˜
λαηgβλ + k˜
αληgλβ + q˜
αλη
ξ
γ
ξ
βλ
− q˜ ξλη
β
γαξλ
)
= 0.
Two terms cancel after inserting the divergence of q˜
αηµ
β
from Eq. (46)
∂p˜αη
∂xη
aβ + p˜
αη
∂aβ
∂xη
+ 2
∂k˜λαη
∂xη
gλβ + 2k˜
λαη
∂gλβ
∂xη
−
(
p˜αλ aξ + 2k˜
ταλgτξ − q˜ αλτη γηξτ −✘✘✘✘✘q˜ τηλξ γατη
)
γ
ξ
βλ
+ q˜
αλη
ξ
∂γ
ξ
βλ
∂xη
+
(
p˜ξλ aβ + 2k˜
τξλgτβ −✘✘✘✘q˜ ξλτη γηβτ − q˜ ητλβ γξητ
)
γαξλ − q˜ ξληβ
∂γα
ξλ
∂xη
= 0. (65)
The terms in Eq. (65) can now be rearranged such that the partial derivatives are converted
into covariant derivatives:(
∂p˜αη
∂xη
+ p˜ξηγαξη
)
aβ + p˜
αη
(
∂aβ
∂xη
− aξγξβη
)
+ 2
(
∂k˜λαη
∂xη
+ k˜ξαηγλξη + k˜
λξηγαξη
)
gλβ + 2k˜
λαη
(
∂gλβ
∂xη
− gξβγξλη − gλξγξβη
)
+ q˜
αλη
ξ

∂γ
ξ
βλ
∂xη
+ γξτηγ
τ
βλ
 − q˜ ξληβ

∂γα
ξλ
∂xη
+ γατηγ
τ
ξλ
 = 0. (66)
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Due to the skew-symmetry of q˜
αλη
ξ
in its last index pair, the last two terms are one-half the
Riemann curvature tensor (53), respectively. The sums proportional to aβ and gλβ in Eq. (66)
can be expressed as canonical field equations of the Hamiltonian H˜t = H˜ − H˜G:
∂p˜αη
∂xη
+ p˜ξηγαξη = −
∂H˜t
∂aα
=
∂L˜
∂aα
∂k˜λαη
∂xη
+ k˜ξαηγλξη + k˜
λξηγαξη = −
∂H˜t
∂gλα
=
∂L˜
∂gλα
.
With Eqs. (59), the Noether second condition (66) has the Lagrangian representation
∂L˜
∂aα
aβ +
∂L˜
∂aα;η
aβ;η + 2
∂L˜
∂gλα
gλβ + 2
∂L˜
∂gλα;η
gλβ;η +
∂L˜
∂R
ξ
αλη
R
ξ
βλη
− ∂L˜
∂R
β
ξλη
Rαξλη = 0, (67)
which is exactly the Lagrangian representation of the “consistency equation” of Ref. [2].
For metric compatibility (gλβ;η ≡ 0), Eq. (67) can be split into two groups, namely the
terms depending on the Lagrangian LR for the “free” gravitational field on the left-hand side
and the Lagrangian L0 of the scalar and vector source fields on the right-hand side. This
yields, after dividing by
√−g:
2
∂LR
∂gνβ
gµβ − ∂LR
∂Rτ
µβλ
Rτνβλ +
∂LR
∂Rν
τβλ
R
µ
τβλ
− δµν LR = −2
∂L0
∂gνβ
gµβ +
∂L0
∂aµ;β
aν;β +
∂L0
∂aµ
aν + δ
µ
νL0,
(68)
where the derivatives of the Lagrangian densities L˜ = L√−g with respect to the metric are
replaced by the corresponding derivatives of the Lagrangians L as
2√−g
∂L˜
∂gνβ
gµβ = 2
∂L
∂gνβ
gµβ − δµνL,
2√−g
∂L˜
∂gµβ
gνβ = 2
∂L
∂gµβ
gνβ + δ
µ
νL. (69)
7.3. Equivalence of first and second Noether conditions
On first sight, Eq. (67) appears to define a second Noether condition in addition to Eq. (60).
Yet, as it turns out, both conditions are equivalent. In order to prove this, we sum up both
equations:
∂L˜
∂
(
∂φ
∂xα
) ∂φ
∂xβ
+
∂Lt
∂aα;η
aβ;η +
∂L˜
∂aη;α
aη;β +
∂L˜
∂aα
aβ +
∂L˜
∂gλη;α
gλη;β + 2
∂Lt
∂gλα;η
gλβ;η + 2
∂Lt
∂gλα
gλβ
+ 2
∂L˜
∂R
ξ
ληα
R
ξ
ληβ
+
∂L˜
∂R
ξ
αλη
R
ξ
βλη
− ∂L˜
∂R
β
ξλη
Rαξλη ≡ δαβ L˜. (70)
The resulting equation (70) represents an identity according to Eq. (A.3) of Corollary 2.
Hence, Eq. (67) holds if Eq. (60) is satisfied and vice versa.
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7.4. Correlation of spin and torsion
The field equation (47) has the Lagrangian representation
 ∂L˜
∂R
η
αβµ

;µ
=
1
2
∂L˜
∂aα;β
aη +
∂L˜
∂gτα;β
gτη +
∂L˜
∂R
η
ατµ
s βτµ + 2
∂L˜
∂R
η
αβµ
sτµτ. (71)
Splitting again the total Lagrangian L˜ into the sum of the Lagrangian L˜R for the free
gravitational field, the Lagrangian L˜g for the non-metricity, and the Lagrangian L˜0 describing
the dynamics of the scalar and vector field, this yields
 ∂L˜R
∂R
η
αβµ

;µ
=
1
2
∂L˜0
∂aα;β
aη +
∂L˜g
∂gτα;β
gτη +
∂L˜R
∂R
η
ατµ
s βτµ + 2
∂L˜R
∂R
η
αβµ
sτµτ. (72)
For the usual case of a covariantly conserved metric, hence for metric compatibility, we can
divide by
√−g
 ∂LR
∂R
ηαβµ

;µ
− ∂LR
∂Rηατµ
s βτµ − 2
∂LR
∂R
ηαβµ
sτµτ =
∂L˜g
∂gηα;β
+
1
2
∂L0
∂aα;β
aη. (73)
Equation (73) can now be split into a symmetric part in η and α
∂L˜g
∂gηα;β
+
1
4
(
∂L0
∂aα;β
aη +
∂L0
∂aη;β
aα
)
= 0, (74)
and a skew-symmetric part in η and α
 ∂LR
∂R
ηαβµ

;µ
− ∂LR
∂Rηατµ
s βτµ − 2
∂LR
∂R
ηαβµ
sτµτ =
1
4
(
∂L0
∂aα;β
aη − ∂L0
∂aη;β
aα
)
. (75)
We will show in the next section that the leftmost term, hence the divergence associated with
LR, vanishes for the Hilbert Lagrangian LR,H. For that case, Eq. (75) yields an algebraic
equation for the torsion emerging from the vector field aµ. All other choices of LR, yield
a non-algebraic equation for the correlation of spin and torsion. So, the question whether
spacetime torsion either propagates or is merely tied to spinning matter depends on the model
for the dynamics of the gravitational field in classical vacuum. In any case, for a non-vanishing
right-hand side of Eq. (75), the vector field necessarily acts as a source of torsion of spacetime.
8. Sample Lagrangians
8.1. Lagrangian LR of the “free” gravitational field
With Eq. (61) and the equivalent equation (67), we have derived energy-momentum balance
equations for the interaction of given source fields—whose free dynamics is described by
L0—with the gravitational field, whose free dynamics is described by LR. The Lagrangians
L0 and LR for the dynamics in the absence of any coupling must be set up on the basis of
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physical reasoning. From analogies to other field theories, we chose a Lagrangian LR(R, g) as
a sum of a constant and of linear and quadratic terms in the Riemann curvature tensor [2]
LR = 1
4
R
η
αβτ
[
g1R
α
ηξλg
βξgτλ +
1
8πG
(
δτη g
αβ − δβη gατ
)]
+
Λ
8πG
. (76)
The terms in parentheses can be regarded as the Riemann tensor of the maximally symmetric
4-dimensional manifold
Rˆα βτη =
1
8πG
(
δτη g
αβ − δβη gατ
)
,
which can be regarded as the “ground state” of spacetime [15]. The coupling constant g1 is
dimensionless, whereas G has the natural dimension of Length2. The Lagrangian (76) is thus
the sum of the Hilbert Lagrangian LR,H
LR,H = − 1
16πG
(R − 2Λ) (77)
plus a Lagrangian quadratic in the Riemann tensor. The latter was proposed earlier by
A. Einstein in a personal letter to H. Weyl [3].
To set up the energy-momentum balance equation (63) for the Lagrangian LR, we first
calculate
∂LR
∂R
η
αβµ
=
g1
2
Rαηξλg
βξgµλ +
1
32πG
(
δµη g
αβ − δβη gαµ
)
=
g1
2
Rα βµη +
1
4
Rˆα βµη , (78)
and hence
2
∂LR
∂R
η
αβµ
R
η
αβν
= g1R
α
ηξλg
βξgµλR
η
αβν
+
1
16πG
(
δµη g
αβ − δβη gαµ
)
R
η
αβν
= −g1R αβµη Rηαβν −
1
8πG
Rµν.
The energy-momentum balance equation (63) now follows as
g1R
αβµ
η R
η
αβν
+
1
8πG
Rµν + δ
µ
ν LR = θ µν ,
which finally yields the Einstein-type equation after inserting the Lagrangian LR from
Eq. (76):
g1
(
R αβµη R
η
αβν
− 1
4
δµνR
αβτ
η R
η
αβτ
)
+
1
8πG
(
Rµν − 12δµνR + Λδµν
)
= θ µν . (79)
Note that here the contravariant representations of the energy-momentum tensor θνµ as well
as that of the Ricci tensor Rµν are not necessarily symmetric. Thus, Eq. (79) can be split into a
symmetric and a skew-symmetric equation in µ and ν (see also Kibble [16] and Sciama [17]):
g1
(
R αβµη R
η ν
αβ
− 1
4
gµνR αβτη R
η
αβτ
)
+
1
8πG
(
R(µν) − 1
2
gµνR + Λgµν
)
= θ(µν) (80a)
1
8πG
R[µν] = θ[νµ]. (80b)
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Setting g1 = 0 in Eq. (80a), hence neglecting the term proportional to quadratic in the Riemann
tensor, reduces Eq. (79) to the form of the Einstein equation proper. Equation (80b) is the
representation of the general Eq. (64) for the particular Lagrangian LR from Eq. (76).
The field equation (75), which describes the coupling of spin and torsion, emerges for
the Lagrangian (76) as a Poisson-type equation:
g1
2
R
αηβµ
;µ −
(
1
2
g1R
αητµ
+
1
4
Rˆαητµ
)
s βτµ +
(
g1R
αηβµ
+
1
2
Rˆαηβµ
)
sττµ =
1
4
(
∂L0
∂aα;β
aη − ∂L0
∂aη;β
aα
)
. (81)
For the Hilbert Lagrangian (77), this reduces to the algebraic equation:
2Rˆαηβµsττµ − Rˆαητµs βτµ =
∂L0
∂aα;β
aη − ∂L0
∂aη;β
aα. (82)
Thus, a massive spin-1 particle field aµ always acts as a source of torsion of spacetime. The
right-hand side will be specified for the Proca system in Sect. 8.3. Obviously, the spin-0
particle field φ, i.e., the Klein-Gordon system, to be discussed in the following section, does
not act as a source of torsion as Eq. (82) is identically satisfied for s
β
τµ ≡ 0.
8.2. Klein-Gordon LagrangianL0
The Klein-Gordon Lagrangian density L˜0
(
φ, ∂νφ, g
µν
)
for a system of a real scalar field φ in a
dynamic spacetime is given by
L˜0 = 12
(
∂φ
∂xα
∂φ
∂xβ
gαβ − m2 φ2
) √−g. (83)
For this Lagrangian, the identity (A.3) takes on the particular form for a symmetric metric
gαβ:
2
∂L˜0
∂gνλ
gµλ − ∂L˜0
∂
(
∂φ
∂xµ
) ∂φ
∂xν
≡ −δµνL˜0,
hence, dividing by
√−g:
2√−g
∂L˜0
∂gνλ
gµλ ≡ ∂L0
∂
(
∂φ
∂xµ
) ∂φ
∂xν
− δµνL0, (84)
As L˜0 does not depend on the partial derivative of the metric, the left-hand side of Eq. (84)
defines the mixed tensor representation of the metric energy-momentum tensor T
µ
ν of the
Klein-Gordon system (83), whereas the right-hand side represents its canonical energy-
momentum tensor θ
µ
ν :
T µν =
2√−g
∂L˜0
∂gνλ
gµλ, θ µν =
∂L0
∂
(
∂φ
∂xµ
) ∂φ
∂xν
− δµνL0. (85)
Both tensors thus coincide for this system and have the explicit contravariant form:
T νµ =
∂φ
∂xα
∂φ
∂xβ
gανgβµ − 1
2
gνµ
(
∂φ
∂xα
∂φ
∂xβ
gαβ − m2 φ2
)
= θνµ. (86)
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The Euler-Lagrange equation for the Lagrangian (83) follows for a covariantly conserved
metric as
gαβ
(
∂2φ
∂xα∂xβ
− γξ
αβ
∂φ
∂xξ
− 2sξ
αξ
∂φ
∂xβ
)
+ m2φ = 0.
The second derivative of φ as well as the term proportional to γ
ξ
αβ
are no tensors. Yet their
sum is just the covariant xβ-derivative of the covector ∂φ/∂xα,
gαβ

(
∂φ
∂xα
)
;β
− 2sξ
αξ
∂φ
∂xβ
 + m2φ = 0 (87)
and thus holds as a tensor equation in any reference system. The term related to the
torsion vector s
ξ
αξ
states that the dynamics of the scalar field φ also couples to the torsion
of spacetime, but does not act as a source of torsion as the canonical energy-momentum
tensor (86) is symmetric.
For non-zero torsion neither the covariant divergence of the Einstein tensor Gµν nor the
covariant divergence of the energy-momentum tensor vanishes. One thus encounters from the
conventional Einstein equation
Gαµ;α ≡
(
Rαµ − 12δαµR
)
;α
= 8πGTαµ;α , (88)
the following explicit form for a covariantly conserved metric
1
2
Rβξµτs
τ
βξ + R
τβ
τξ
s
ξ
βµ
= 8πG
∂φ
∂xα
gαβ
(
∂φ
∂xµ
s
ξ
βξ
+
∂φ
∂xξ
s
ξ
βµ
)
. (89)
Equation (89) is obviously satisfied for an identically vanishing torsion tensor s
ξ
βµ
≡ 0 and
thus shows that the spacetime dynamics of the Klein-Gordon system (83) is compatible with
an identically vanishing torsion of spacetime.
8.3. Proca Lagrangian
The Proca Lagrangian density L˜0
(
aµ, ∂νaµ, g
µν, γ
ξ
µν
)
writes
L˜0 =
(
−1
4
fαβ fξη g
αξ gβη + 1
2
m2aα aξ g
αξ
) √−g, fαβ = aβ;α − aα;β = − fβα, (90)
with fαβ denoting the skew-symmetric field tensor. With the particular Lagrangian (90), the
identity (A.3) takes on the form:
2
∂L˜0
∂gνλ
gµλ − ∂L˜0
∂aµ;λ
aν;λ − ∂L˜0
∂aλ;µ
aλ;ν − ∂L˜0
∂aµ
aν ≡ −δµνL˜0. (91)
Dividing Eq. (91) by
√−g, its leftmost term represents the metric energy-momentum tensor
T
µ
ν from Eq. (85), as L˜0 does not depend on the derivative of the metric. By virtue of the
identity (91), T
µ
ν can equivalently be obtained from the derivatives with respect to the fields:
T µν =
∂L0
∂aµ;λ
aν;λ +
∂L0
∂aλ;µ
aλ;ν +
∂L0
∂aµ
aν − δµνL0
= θ µν +
∂L0
∂aµ;λ
aν;λ +
∂L0
∂aµ
aν,
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wherein θ
µ
ν denotes the canonical energy-momentum tensor
θ µν =
∂L0
∂aλ;µ
aλ;ν − δµνL0, (92)
and thus
θνµ = T νµ − ∂L0
∂aµ;λ
aν;λ −
∂L0
∂aµ
aν. (93)
With
∂L0
∂aµ;ν
= f µν,
the energy-momentum tensors follow as:
T µν = f
λµ (aλ;ν − aν;λ) + m2 aν aµ + 14δµν
(
fαβ f
αβ − 2m2aα aα
)
(94)
θ µν = f
λµ aλ;ν +
1
4
δµν
(
fαβ f
αβ − 2m2aα aα
)
. (95)
Our conclusion is that non-symmetric canonical energy-momentum tensor θ νµ represents
the correct source term of gravitation for a Proca system. The tensor θ νµ thus entails an
increased weighting of the kinetic energy over the mass as compared to the metric energy
momentum tensor T νµ in their roles as the source of gravity. This holds independently of the
particular model for the “free” (uncoupled) gravitational field, whose dynamics is encoded in
the Lagrangian LR of the generic Einstein-type equation (63).
From the Euler-Lagrange field equation for the vector field aµ,
f
µα
;α − 2 f µβsαβα − m2aµ = 0,
the covariant divergence of the canonical energy-momentum tensor is obtained as
θ
µ
ν ;µ = f
αβ
[
−aξRξαβν + 2
(
aα;ξ s
ξ
βν
+ aα;νs
ξ
βξ
)]
.
This tensor does generally not not vanish in a curved spacetime, even if we neglect torsion.
The Einstein equation is thus consistent only if torsion is included:
Gαν;α ≡
(
Rαν − 12δανR
)
;α
= 8πG θ αν ;α, (96)
which has the following explicit form for the Proca system:
1
2
Rβξντs
τ
βξ + R
τβ
τξ
s
ξ
βν
= 8πG f αβ
[
−aξRξαβν + 2
(
aα;ξ s
ξ
βν
+ aα;νs
ξ
βξ
)]
. (97)
In contrast to the corresponding equation for the Klein-Gordon system from Eq. (89), this
equation has has no solution for a vanishing torsion.
The skew-symmetric part of the canonical energy-momentum tensor (95) of the Proca
system follows as
θ[νµ] =
1
2
(
fνβ a
β
;µ − fµβ aβ;ν
)
=
1
2
(
aµ;β a
β
;ν − aν;β aβ;µ
)
, (98)
which yields according to Eq. (80b) the skew-symmetric part of the Ricci tensor from the
contraction of the generalized first Bianchi identity [18]:
R[νµ] ≡ sααν;µ−sααµ;ν+sανµ;α+2sαβνsβαµ−2sαβµsβαν−2sαβαsβνµ = 4πG
(
aµ;β a
β
;ν − aν;β aβ;µ
)
. (99)
It is equally solved only for a non-vanishing torsion.
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9. Conclusions
The minimum set of postulates for a theory of spacetime geometry interacting with matter
is that (i) the theory should be derived from an action principle and that (ii) the theory
should be diffeomorphism-invariant, hence be a member of the Diff(M) symmetry group.
An appropriate basis for the formulation of such a theory is given by Noether’s theorem—
which directly follows from the action principle: it provides for any symmetry of the given
action a pertaining conserved Noether current. From the latter, one can then set up the
most general field equation of geometrodynamics for systems with Diff(M) symmetry. By
their construction, canonical transformations cover the complete set of all transformations
that maintain the form of the action principle. Noether’s theorem is thus most efficiently
formulated in the Hamiltonian formalism by means of the generating function of the
respective infinitesimal symmetry transformation.
The general recipe to set up this equation is as follows:
(i) Establish the covariant representation of the canonical energy-momentum tensor for the
given matter Lagrangian L0—which must be a world scalar. This means for a system of
a scalar field φ and a massive vector field aα
θ µν =
∂L0
∂
(
∂φ
∂xµ
) ∂φ
∂xν
+
∂L0
∂aα;µ
aα;ν − δµνL0.
The covariant form of the canonical energy-momentum tensor thus contains direct
coupling terms of the vector field aα and the connection γ
α
µν, and thereby also causes
a coupling to a torsion of spacetime. For vector fields which represent the classical limit
of massive spin particles, the correct source of gravitation is constituted by the canonical
energy-momentum tensor and not by the conventionally used metric (Hilbert) energy-
momentum tensor—in agreement with Hehl [19]. The source term changes for systems
with additional symmetries—such as a system with additional U(1) symmetry, in which
case the metric (Hilbert) energy-momentum tensor turns out to be the appropriate source
term [20].
(ii) With the source term and the postulated Lagrangians for both, the dynamics of the “free”
(uncoupled) connection, LR, and of the metric, Lg, the new and most general equation
of geometrodynamics is given by
2
∂LR
∂R
η
αβµ
R
η
αβν
+
∂Lg
∂gαβ;µ
gαβ;ν − δµν
(
LR +Lg
)
= −θ µν .
On first sight, LR may be any world scalar formed out of the Riemann tensor Rµταβ and
the metric gµν. Correspondingly,Lg may be any world scalar formed out of the covariant
derivative of the metric and the metric itself. Yet, the choices of LR and Lg are actually
restricted by the requirement that the subsequent field equation is consistent with regard
to its trace and its covariant divergence.
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(iii) In the particular case of metric compatibility, hence for a covariantly conserved metric,
the connection and the metric are correlated according to
gαβ;ν =
∂gαβ
∂xν
− gτβγταν − gατγτβν ≡ 0,
and the correlation of the Riemann tensor R
η
αβµ
to the source simplifies to the following
form of a generic Einstein-type equation
2
∂LR
∂R
η
αβµ
R
η
αβν
− δµν LR = −θ µν .
The left-hand side can be interpreted as the covariant canonical energy-momentum tensor
associated with the Lagrangian LR describing the dynamics of the gravitational field in
classical vacuum, which balances the canonical energy-momentum tensor of matter on
the right-hand side.
The simplest case for zero torsion is given by the Hilbert Lagrangian (77), which directly
yields the Einstein tensor on the left-hand side. This requires the energy-momentum tensor
to be symmetric as well as its covariant divergence to be zero in order for the resulting field
equation to be consistent.
Summarizing, our generic theory of geometrodynamics generalizes Einstein’s General
Relativity as follows:
(i) The description of the dynamics of the “free” gravitational fields is not restricted to the
Hilbert Lagrangian. In the case of a quadratic and linear dependence of LR(R, g) on the
Riemann tensor, the more general field equation
g1
(
R αβµη R
η
αβν
− 1
4
δµνR
αβτ
η R
η
αβτ
)
+
1
8πG
(
Rµν − 12δµνR + Λδµν
)
= θ µν ,
is encountered [2]. It equally complies with the Principle of General Relativity. The
additional term proportional to the dimensionless coupling constant g1 is equally satisfied
by the Schwarzschild and the Kerr metric [4] in the absence of torsion. Yet, it entails a
different description of the dynamics of spacetime in the case of a non-vanishing source
term θ
µ
ν as compared to the solution based on only the Einstein tensor—which follows
setting g1 = 0.
(ii) The generalized theory is not restricted to a covariantly conserved metric, hence tometric
compatibility.
(iii) The spacetime is not assumed to be generally torsion-free. Hence, the generalized theory
allows for sources of gravity which generate and couple to a torsion of spacetime. This
applies in particular to those vector fields, which represent the classical limit of massive
spin-1 particles. For this case, the canonical energy-momentum tensor is the appropriate
source term. Its skew-symmetric part is then related to the skew-symmetric part of the
then non-symmetric Ricci tensor according to
R[νµ] = 8πG θ[νµ].
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This equation states that a skew-symmetric part of the canonical energy-momentum
tensor is necessarily associated with a non-vanishing torsion of spacetime. The
corresponding additional degrees of freedom are encoded in a Riemann tensor that is
not symmetric under exchange of its first and second index pair, which gives rise to a
non-symmetric Ricci tensor.
Moreover, for the case of the Hilbert Lagrangian, hence for g1 = 0, one encounters the
following field equation from the covariant derivatives of the Einstein- and the energy-
momentum tensors of the Proca system:
1
2
Rβξντs
τ
βξ + R
τβ
τξ
s
ξ
βν
= 8πG f αβ
[
−aξRξαβν + 2
(
aα;ξs
ξ
βν
+ aα;νs
ξ
βξ
)]
,
which necessarily gives rise to a non-vanishing torsion.
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Appendix A. Identity for a scalar-valued function S of an (n,m)-tensor T and the metric
Proposition 1 Let S = S (g, T ) ∈ R be a scalar-valued function constructed from the metric
tensor gµν and an (n,m)-tensor T
ξ1...ξn
η1...ηm , where (m − n)/2 ∈ Z. Then the following identity
holds:
∂S
∂gµβ
gνβ +
∂S
∂gβµ
gβν −
∂S
∂T
ν ξ2...ξn
η1...ηm
T µ ξ2...ξnη1...ηm − . . . −
∂S
∂T
ξ1...ξn−1 ν
η1...ηm
T ξ1...ξn−1 µη1...ηm
+
∂S
∂T
ξ1...ξn
µ η2...ηm
T ξ1...ξnν η2...ηm + . . . +
∂S
∂T
ξ1...ξn
η1...ηm−1 µ
T ξ1 ...ξnη1...ηm−1 ν ≡ 0 δµν .
(A.1)
Proof 1 The induction hypothesis is immediately verified for scalars constructed from second
rank tensors and, if necessary, the metric, hence, S = Tαα , S = T
αβ gαβ, and S = Tαβ g
αβ.
Let Eq. (A.1) hold for an (n,m)-tensor T
ξ1...ξn
η1...ηm . We first consider an (n + 1,m + 1)-tensor
T¯
ξ1...ξnα
η1...ηmα with the last indices contracted in order to again make up a scalar. Setting up S
according to (A.1) with the tensor T¯ , one encounters the two additional terms
− ∂S
∂T¯
ξ1...ξnν
η1...ηmα
T¯ ξ1...ξnµη1...ηmα +
∂S
∂T¯
ξ1 ...ξn α
η1...ηmµ
T¯ ξ1 ...ξn αη1...ηmν
= −δαν T¯ ξ1...ξnµη1...ηmα + δµα T¯ ξ1...ξn αη1...ηmν = 0.
Equation (A.1) thus also holds for the scalar S formed from the (n + 1,m + 1)-tensor T¯ .
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For the case that T¯ represents an (n + 2,m)-tensor T¯
ξ1 ...ξnαβ
η1...ηm , the scalar S must have
one additional factor gαβ. One thus encounters four additional terms:
− ∂S
∂T¯
ξ1...ξnνβ
η1...ηm
T¯ ξ1...ξnµβη1...ηm −
∂S
∂T¯
ξ1 ...ξn αν
η1...ηm
T¯ ξ1...ξn αµη1...ηm +
∂S
∂gµβ
gνβ +
∂S
∂gαµ
gαν
= −δαν T¯ ξ1 ...ξnµβη1...ηm gαβ − δβν T¯ ξ1...ξn αµη1...ηm gαβ + δµαgνβT¯ ξ1...ξnαβη1...ηm + δ
µ
β
gανT¯
ξ1...ξnαβ
η1...ηm
= −gνβT¯ ξ1 ...ξnµβη1...ηm − gανT¯ ξ1 ...ξn αµη1...ηm + gνβT¯ ξ1 ...ξnµβη1...ηm + gανT¯ ξ1 ...ξnαµη1...ηm
= 0.
For the case that T¯ represents an (n,m + 2)-tensor T¯
ξ1 ...ξn
η1...ηmαβ
, the scalar S must have one
additional factor gαβ. Owing to
∂S
∂gµβ
gνβ = −
∂S
∂gαν
gαµ,
∂S
∂gαµ
gαν = −
∂S
∂gνβ
gµβ,
one thus encounters the four additional terms:
∂S
∂T¯
ξ1...ξn
η1...ηmµβ
T¯
ξ1...ξn
η1...ηmνβ
+
∂S
∂T¯
ξ1...ξn
η1...ηm αµ
T¯ ξ1...ξnη1...ηm αν −
∂S
∂gαν
gαµ − ∂S
∂gνβ
gµβ
= δµα T¯
ξ1 ...ξn
η1...ηmνβ
gαβ + δ
µ
β
T¯ ξ1...ξnη1...ηm ανg
αβ − δβνgαµT¯ ξ1...ξnη1...ηmαβ − δανgµβT¯
ξ1...ξn
η1...ηmαβ
= gµβT¯
ξ1...ξn
η1...ηmνβ
+ gαµT¯ ξ1...ξnη1...ηm αν − gαµT¯ ξ1...ξnη1...ηmαν − gµβT¯
ξ1...ξn
η1...ηmνβ
= 0.

The derivative of a LagrangianLwith respect to the metric gµν can thus always be replaced by
the derivatives with respect to the appertaining tensors T that are made into a scalar by means
of the metric. The identity thus provides the correlation of the metric and the canonical
energy-momentum tensors of a given system.
Corollary 1 The contraction of Eq. (A.1) then yields a condition for the scalar S :
∂S
∂gαβ
gαβ ≡ n − m
2
∂S
∂T
ξ1...ξn
η1...ηm
T ξ1...ξnη1...ηm . (A.2)
Proof 2 Contracting Eq. (A.1) directly yields Eq. (A.2).
Corollary 2 Let L˜ = L˜(g, Tk) ∈ R be a scalar density (i.e. a relative scalar of weight one)
valued function of the (symmetric) metric gµν and a sum of k tensors T
ξ1...ξnk
k η1...ηmk
of respective
rank (nk,mk), where (mk − nk)/2 ∈ Z. Then the following identity holds:
2
∂L˜
∂gµβ
gνβ − ∂L˜
∂T
ν ξ2...ξnk
k η1...ηmk
T
µ ξ2...ξnk
k η1...ηmk
− . . . − ∂L˜
∂T
ξ1...ξnk−1 ν
k η1...ηmk
T
ξ1...ξnk−1 µ
k η1...ηmk
+
∂L˜
∂T
ξ1 ...ξnk
k µ η2...ηmk
T
ξ1...ξnk
k ν η2...ηmk
+ . . . +
∂L˜
∂T
ξ1...ξnk
k η1...ηmk−1 µ
T
ξ1...ξnk
k η1...ηmk−1 ν
≡ δµνL˜.
(A.3)
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Proof 3 Combine Eq. (A.1) with (69).
Equation (A.3) is obviously a representation of Euler’s theorem on homogeneous functions in
the realm of tensor calculus.
Appendix B. Examples for identities (A.1) involving the Riemann tensor
Appendix B.1. Riemann tensor squared
As a scalar, any LagrangianLR(R, g) built from the Riemann-Cartan tensor (53) and the metric
satisfies the identity (A.1)
2
∂LR
∂gνβ
gµβ ≡ ∂LR
∂Rτ
µβλ
Rτνβλ −
∂LR
∂Rν
τβλ
R
µ
τβλ
+ 2
∂LR
∂R
η
αβµ
R
η
αβν
. (B.1)
The identity is easily verified for a Lagrangian linear and quadratic in the Riemann tensor:
LR = Rηαβτ
[
1
4
Rαηξλg
βξgτλ − g2
(
δβη g
ατ − δτη gαβ
)]
.
The left-hand side of Eq. (B.1) evaluates to
2
∂LR
∂gνβ
gµβ = −Rηαβµ Rηαβν + g2
(
R µν + R
µ
ν
)
,
which indeed agrees with the terms obtained from the right-hand side:
∂LR
∂Rτ
µαβ
Rτναβ −
∂LR
∂Rν
ταβ
R
µ
ταβ
+ 2
∂LR
∂Rτ
αβµ
Rταβν = −RηαβµRηαβν + g2
(
R µν + R
µ
ν
)
.
Appendix B.2. Ricci scalar
The Ricci scalar R is defined as the following contraction of the Riemann tensor
R = Rηαξλ g
ηξ gαλ. (B.2)
With the scalar LR = R and the tensor T the Riemann tensor, the general Eq. (A.1) takes on
the particular form
∂R
∂gνβ
gµβ +
∂R
∂gβν
gβµ − ∂R
∂Rµαξλ
Rναξλ − ∂R
∂Rηµξλ
Rηνξλ − ∂R
∂Rηαµλ
Rηανλ − ∂R
∂Rηαξµ
Rηαξν ≡ 0. (B.3)
Without making use of the symmetries of the Riemann tensor and the metric, this identity is
actually fulfilled as
∂R
∂gνβ
gµβ = Rηαξλ
(
δην δ
ξ
β
gαλ + gηξ δαν δ
λ
β
)
gβµ
=
(
Rναβλ g
αλ
+ gηξ Rηνξβ
)
gβµ
= R µανα + R
ξ µ
νξ
.
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Similarly
∂R
∂gβν
gβµ = Rµ ααν + R
ξµ
ξν
.
The derivative terms of the Riemann tensor are
∂R
∂Rµαξλ
Rναξλ = δ
µ
η g
ηξ gαλRναξλ = R
µα
να
and
∂R
∂Rηµξλ
Rηνξλ = δ
µ
α g
ηξ gαλRηνξλ = R
ξ µ
νξ
∂R
∂Rηαµλ
Rηανλ = δ
µ
ξ
gηξ gαλRηανλ = R
µ α
αν
∂R
∂Rηαξµ
Rηαξν = δ
µ
λ
gηξ gαλRηαξν = R
ξµ
ξν
,
which obviously cancel the four terms emerging from the derivatives with respect to the
metric.
Making now use of the skew-symmetries of the Riemann tensor in its first and second
index pair and of the symmetry of the metric, Eq. (B.3) simplifies to
∂R
∂gνβ
gµβ ≡ ∂R
∂Rµαξλ
Rναξλ +
∂R
∂Rηαξµ
Rηαξν. (B.4)
For zero torsion, the Riemann tensor has the additional symmetry on exchange of both index
pairs. Then
∂R
∂gνβ
gµβ ≡ 2 ∂R
∂Rµαξλ
Rναξλ ⇔
∂R
∂gνµ
≡ 2 ∂R
∂R
µ
αξλ
Rναξλ. (B.5)
Appendix B.3. Ricci tensor squared
The scalar made of the (not necessarily symmetric) Ricci tensorRηα is defined by the following
contraction with the metric
LR = RηαRξλ gηξ gαλ. (B.6)
With Eq. (B.6), the general Eq. (A.1) now takes on the particular form
∂LR
∂gνβ
gµβ +
∂LR
∂gβν
gβµ − ∂LR
∂Rµβ
Rνβ −
∂LR
∂Rβµ
Rβν ≡ 0. (B.7)
Without making use of the symmetries of the Ricci tensor and the metric, this identity is
actually fulfilled as
∂LR
∂gνβ
gµβ = RηαRξλ
(
δην δ
ξ
β
gαλ + gηξ δαν δ
λ
β
)
gβµ
=
(
RναRβλ g
αλ
+ gηξ RηνRξβ
)
gβµ
= RνβR
µβ
+ RβνR
βµ.
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Similarly
∂LR
∂gβν
gβµ = RνβR
µβ
+ RβνR
βµ.
The derivative terms of the Ricci tensor are
∂LR
∂Rµβ
Rνβ =
(
δµηδ
β
αRξλ + Rηαδ
µ
ξ
δ
β
λ
)
gηξ gαλ Rνβ = 2Rνβ R
µβ
and
∂LR
∂Rβµ
Rβν =
(
δβηδ
µ
αRξλ + Rηαδ
β
ξ
δ
µ
λ
)
gηξ gαλ Rβν = 2Rβν R
βµ,
which obviously cancel the four terms emerging from the derivatives with respect to the
metric.
For zero torsion, the Ricci tensor is symmetric. Then
∂LR
∂gνβ
gµβ ≡ ∂LR
∂Rµβ
Rνβ ⇔
∂LR
∂gνµ
≡ ∂LR
∂R
αβ
Rνβ gαµ. (B.8)
References
[1] Greiner W 2010 Classical Mechanics, 2nd ed (Springer)
[2] Struckmeier J, Muench J, Vasak D, Kirsch J, Hanauske M and Stoecker H 2017 Phys. Rev. D 95 124048
(Preprint 1704.07246)
[3] Einstein A 1918 Private letter to Herrmann Weyl ETH Zürich Library, Archives and Estates
[4] Kehm D, Kirsch J, Struckmeier J, Vasak D and Hanauske M 2017 Astron. Nachr./AN 338 1015–1018 URL
https://doi.org/10.1002/asna.201713421
[5] Hehl F W, von der Heyde P, Kerlick G D and Nester J M 1976 Rev. Mod. Phys. 48 393
[6] Noether E 1918Nachrichten der Königlichen Gesesellschaft der Wissenschaften Göttingen, Mathematisch-
Physikalische Klasse 57 235
[7] Struckmeier J, Vasak D and Stoecker H 2017 Covariant Hamiltonian Representation of Noether’s
Therorem and its Application to SU(N) Gauge Theories New Horizons in Fundamental Physics FIAS
Interdisciplinary Science Series ed Schramm S and Schaefer M (Springer International Publishing
Switzerland) ISBN 978-3-319-44164-1 URL https://arxiv.org/abs/1608.01151
[8] Struckmeier J and Redelbach A 2008 Int. J. Mod. Phys. E 17 435–491 (Preprint 0811.0508)
[9] Schouten J 1954 Ricci-Calculus (Springer, Berlin, Heidelberg) ISBN 978-3-642-05692-5
[10] Misner C W, Thorne K S and Wheeler J A 1973 Gravitation (W. H. Freeman and Company, New York)
[11] Jordan P 1939 Annalen der Physik 428 64–70
[12] Sciama D 1953Monthly Notices of the Royal Astronomical Society 113 34
[13] Feynman R, Morinigo W and Wagner W 2002 Feynman Lectures On Gravitation (Frontiers in Physics)
(Westview Press, Boulder, Colorado) ISBN 978-0813340388
[14] Hawking S 2003 The Theory of Everything (New Millenium Press) ISBN 978-1-59777-611-0
[15] Carroll S 2013 Spacetime and Geometry (Prentice Hall) ISBN 1292026634
[16] Kibble T W B 1961 J. Math. Phys. 2 212–221
[17] Sciama D W 1962 The analogy between charge and spin in general relativity Recent Developments in
General Relativity (Pergamon Press, Oxford; PWN, Warsaw) pp 415–439 Festschrift for Infeld
[18] Plebanski J and Krasinski A 2006 An Introduction to General Relativity and Cosmology (Cambridge
University Press)
[19] Hehl F W 1976 Rep. Math. Phys. 9 55–82
[20] Struckmeier J, Liebrich P, Muench J, Hanauske M, Kirsch J, Vasak D, Satarov L and Stoecker H 2019 Int.
J. Mod. Phys. E 28 1950007 URL https://arxiv.org/abs/1711.10333
